MACMILLAN HUNTER SUNDIALS Calibration of Altitude Dials

A Study of Eight Selected Altitude Dials

Calibration analysis and discussion

Alastair Hunter

Circular Plate Dial in brass, c1600, held in Augustiner Museum
in Freiburg im Breisgau, Germany. Unknown maker.
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1 Introduction

The altitude dial is an intriguing instrument. It indicates time by the height of
the sun, which rises in the morning is highest at noon and sets in the evening.
Sun height also varies with the time of year, lowest in winter and highest in
summer. Therefore an altitude dial requires calibration for sun height and
adjustment for date. Astronomers define sun height as altitude.

The excellent study of altitude dials carried out by Mike Cowham describes a
large number of individual types of altitude dial, Cowham (2008). Some are
simple like the pillar dial, then plate and disc dials take a variety of forms, and
guadrant and astrolabe instruments are quite complex. The instruments known
as universal dials for a range of latitudes are also included in the study.

This note looks at eight selected simple and plate dials. One of them is Pillar dial
particularly interesting because of its distinctive design and calibration. This is
the circular plate dial held in the Augustiner Museum in Freiburg im

Breisgau, Germany. It is described in Cowham’s report as Circular Plate 4.

The purpose of this note is,

- to analyse the calibration of the eight altitude dials

- to determine a method of calibration for Circular Plate 4
- todiscuss design of altitude dials.

2 Calibration analysis
2.1 Axes

The eight dials have the same function of using sun altitude to tell time, but there are differences.
They are illustrated and described in Annex A Altitude dial types—visual. Each one is a plot of sun
altitude against date, and the connected plot points generate the hour lines, Table 1. The main
difference between dials is in the choice of axes.

Universal ring dial

The Pillar and Signpost dials have similar axes. These are rectangular and
in the case of the Pillar the plot is wrapped around a cylinder. The Tablet
dial also has rectangular axes, and a particular method of adjustment for
date.

The Circular Plates 1, 2a, 2b, and 3 have polar axes. The date scales are
circular around the perimeter rim, while the hour scales are radial.
Circular Plate 4 has an unusual hybrid form, the dates are nested
eccentric circles and the hours are radiating lines. Circular Plate 4

2.2 Gnomon position

The Pillar and Signpost dials have the gnomon at the top. When reading these, date is adjusted on
the Pillar by rotating the cap and gnomon, and on the Signpost by sliding the gnomon along. For the
Tablet the gnomon position is not adjustable, instead the dial itself is turned. This sets the date by
the position of the point of the nodus shadow.

Circular plate 1 has the gnomon at the top, and by rotating the plate about its centre the date is set
at the gnomon position. Circular plates 2a and 2b have the gnomon moved to the centre of the
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plate, but the date is still set at the top. Circular plate 3 is similar except the gnomon is now offset
from the centre. The position of this offset divides the winter and summer solstice altitudes on the
plate diameter. Circular plate 4 in fact has the same gnomon offset as plate 3, and the hybrid form is
created by transformation of the scales. Plate 4 is turned in a similar way to the Tablet, setting the
nodus shadow point on the date when reading time.

2.3 Calculations

In this note, calibration of the dial means determining the layout of the hour lines or delineation.
This is done by calculation using a set of sundial equations. The theory of sundials is well established,
so this note follows the mathematical conventions of the British Sundial Society, Davis (2004). The
calculations for the dials are individual, represented by mathematical diagrams, Annex B Sundial
calibration—principles, and by mathematical symbols and equations, Annex C Sundial calibration—
mathematics. The diagrams and equations are numbered for reference. It may be easier to scroll
down and study Annex B and Annex C before reading the explanations in the following paragraphs.

Polar axis sundials, which are simpler to calculate than the altitude dials, are useful for comparison,
Figs B1, B2, and B3. The data for their calibration are a computed set of values for hour line angle
HLA. This is a function of the single variable hour angle HA/h, Eqn C1 for the horizontal dial, Egn C2
for the vertical dial, and Eqn C3 for a declining dial.

The direct altitude dials are turned towards the sun in order to tell the time, Fig B4. These are the
Pillar and Signpost dials, and the Circular Plate dials 1, 2a and 2b, and 3, respectively. The computed
data are a set of values for the vertical coordinate of the nodus shadow point Y'. This is a function of
sun altitude ALT/a, sun azimuth AZ/A, and sun declination parameter DELTA/S, Eqgn C4. This means
the calculations are repeated for each declination value, thus providing a complete set of results for
dates in the year, Table 1.

The declining altitude dial is turned until the nodus shadow point is on the date, Fig B5. Telling the
time on such a dial is not the same as a direct dial but it is still easy to use and understand. However,
carrying out the calculations to calibrate a declining altitude dial is complicated. The horizontal and
vertical coordinates of the nodus shadow point are each required (X',Y'), Eqn C5. For the Tablet dial,
the horizontal coordinate X' must meet the condition it is on the vertical date line, Fig B6, calculated
by Eqn C6. The Circular Plate 4 has the added complication that the nodus shadow point is not on a
vertical line but on the date circle, Fig B7. In this case, the (X',Y') point must match on both
coordinates, Eqns C7. Both these declining altitude dials require numerical iteration by computer for
a solution, stepping the values of dial declination d until the results converge.

3 Discussion

The eight dials are an intriguing selection. Pillar dials date from Roman times, while the Circular Plate
dials are mainly from Prague in the 16™ century. Although they are from different origins and eras,
altitude dials all follow the same mathematical principle of reading time from the height of the sun.
But, even in this small group, the designs are surprisingly varied. There is an apparent sense of
designs developing from one to the next.

The Pillar and Signpost ones represent a straightforward graphical plot of the Table 1 altitude values.
The Tablet is a modified version with the nodus shadow no longer vertical but directed towards the
date.

The circular plate dials seem to be a series of steps towards an improved configuration. Circular
Plates 1, 2a, and 2b each plot the altitude data for a year, but the plots fill less than the whole area
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of the plate. Then Circular Plate 3 covers the whole space, but at a cost of making the winter half
quite cramped. Mathematically each one is accurate.

Circular Plate 4 is a transformation of Plate 3 into a new dial. The respective gnomon positions
remain the same, but the date lines are transformed into the nested circles of Plate 4, and the hour
curves have become radiating lines. The balance of space on the new dial between the winter and
summer seasons is better than before. Like the Tablet, the nodus shadow directed towards the date
is a feature of the design.

Making precise calibrations for the Tablet and Plate 4 dials can be routine nowadays by computer,
even if a lengthy process, but it was not possible in the past. Until recently, Plate 4 was thought to
be the work of master instrument maker Erasmus Habermel (c1538-1606) of Prague. Denis Savoie
offers an exhaustive discussion and mathematical analysis of Plate 4, and concludes that this dial
would not be by the master. The mathematics are too difficult and the workmanship is inferior,
Savoie (2025). Maybe these factors were less important to the actual maker at the time. Both the
Tablet and the Plate4 dials represent an ingenious and practical opportunity for designing new
modern working instruments.

4 Conclusions

Calibration of the Pillar and Signpost dials is a simple rectangular plot of altitude values. The Circular
Plate dials 1, 2a and 2b, and 3 are variations on each other with a polar plot instead of
rectangular.

The above six dials have adjustable positions of the gnomon or dial to set the date. By contrast, the
remaining two, the Tablet and Plate 4 dials have a fixed gnomon, and will find the date by the
position of the gnomon shadow.

There is further development in Plate 4, which improves on Plate 3 by transformation of the axes of
date and time from lines to circles and vice versa, thus making Plate 4 easier to read.

Calculations for the Tablet and Plate 4 are more complicated than the other dials. Numerical
iteration by computer is needed to solve the equations.

The Tablet and Plate 4 are practical and innovative forms of altitude dial. They have potential for
making new designs of sundial.
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Table 1. Values of sun altitude in degrees, latitude 56°

Season Winter Spring Summer
entry Solstice AUtl.Jmn Solstice
Equinox

Zodiac oA

entry % X n}{ I % ?SIZ »
4:00 1.3 4.2
4:30 -2.6 4.9 7.7
5:00 1.3 8.6 11.4
5:30 5.4 12.5 15.2
6:00 0.0 9.5 16.6 19.3
6:30 4.2 13.7 20.7 234
7:00 -1.3 8.3 17.9 24.9 27.6
7:30 2.6 12.4 22.0 29.1 31.7
8:00 -1.3 6.3 16.2 26.0 33.2 35.9
8:30 -1.0 1.9 9.7 19.9 29.9 37.2 39.9
9:00 1.9 4.9 12.9 23.3 335 41.1 43.8
9:30 4.4 7.5 15.7 26.3 36.8 44.6 47.5
10:00 6.6 9.7 18.0 29.0 39.8 47.8 50.7
10:30 8.3 11.5 20.0 311 42.2 50.4 53.5
11:00 9.5 12.8 214 32.7 44.0 52.4 55.6
11:30 10.3 13.6 22.2 33.7 45.1 53.7 57.0
i\i:c())r? 10.6 13.8 22.5 34.0 45.5 54.2 57.4
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ANNEX A. Altitude dial types—visual®

These selected types of altitude dial are turned to the sun so the gnomon shadow is vertical. The
length of shadow on the scale indicates the time. Two of the dials, the Tablet and Circular Plate 4,
need a further turn to set the nodus shadow point at the date, which then indicates the time. The
magenta line is summer solstice.

y/4
¥ a7H

Pillar Signpost

Linear date scale wrapped around the pillar.  Linear date scale. Hour line scale vertical. Ghomon
Hour line scale vertical. Ghomon on horizon,  on horizon, sliding left or right to set the date.
rotated with pillar cap to set the date.

Tablet Circular plate 1

Linear date scale. Hour line scale vertical. Circular date scale. Hour line scale radial, spanning
Gnomon on horizon fixed at centre of date +180° mirroring each half-year. Ghomon at

scale. Dial turned about vertical axis to set circumference of circular dial. Dial rotated about
the nodus shadow point on the date. centre pivot to set the date at the gnomon.

I llustrations adopted from Cowham (2008)
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Circular plate 2a

Circular date scale. Hour line scale radial,
spanning +180° mirroring each half-year.
Gnomon fixed at centre of circular dial. Dial
rotated about centre pivot to set the date at
vertical mark.

Circular plate 3

Circular date scale. Hour line scale radial,
spanning +180° mirroring each half-yearin a
similar manner to 2a. Ghomon offset from
centre and fixed at intersection of
equinoctial and solstitial axes. Dial rotated
about centre pivot to set the date.

Circular plate 2b

Circular date scale. Hour line scale radial, spanning
360° for one half-year, the second half-year folded
over. Gnomon fixed at centre of circular dial. Dial
rotated about centre pivot to set the date at
vertical mark, like 2a.

Y.

/ /ij”/’" N

Circular plate 4

Nested series of eccentric circles for date.

Radiating hour lines. Ghomon fixed at centre of
winter solstice circle. Dial turned about vertical
axis to set the nodus shadow point on the date.
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ANNEX B. Sundial calibration—principles

Polar gnomon dials

Fig B1. Garden sundial

The principles of the familiar garden sundial,
with the polar gnomon, are a useful place to
start in understanding calibration. The gnomon
is at the angle of latitude PHI, parallel to the
polar axis, and the dial is aligned north-south.
The hour lines are angled from north, where
the shadow of the gnomon falls, HLA. The sun is
south at noon.

Equation C1

Top view

Horizontal

East view

Fig B2. Wall sundial south-facing

The south-facing wall sundial is similar
except the dial is vertical. Although the hour
lines run clockwise on a horizontal dial, they
run in the opposite direction on a vertical
dial.

Equation C2

Vi

HLA

X

vi

South view

Vertical

CO-
PHI

West view

Fig B3. Wall sundial declining

The declining wall sundial introduces a new
variable, DEC. While the dial may decline east or
west, the plane of the gnomon will remain
north-south. The line on the dial under the
gnomon is skewed, known as the sub-style line,
and the layout of hour lines is no longer
symmetric.

Equation C3

Top view

HLA

vi

Xl

Direct view

West view

v

Xl

South view
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Altitude dials

Fig B4.Altitude direct

Unlike polar axis sundials, which

have a fixed orientation, the
altitude dial is generally free
rotating about a vertical axis. With
a direct dial it is turned to the sun
to make the gnomon shadow

vertical. The reading point on the
time scale of the dial is at the

shadow point of the nodus.

Equation C4

Fig B5. Altitude declining

Direct altitude dials have an adjustment
mechanism for setting the date, but declining
dials use another method. In this case, the user
turns the dial so the shadow point goes through
vertical and meets the date line. This will
indicate where among the hour lines to read
the time.

Equations C5

Tablet dial Circular dial
Direct view Direct view
Numerical computation
Fig B6. Tablet e
The form of the delineation for the tablet dial is rectangular or cartesian, g A
plotting time on a vertical axis against date. The date is normally g ?g‘gi)n
graduated by the equal divisions of the Zodiac signs. '
. . . L JxY) ,

To calibrate the dial, a set of hour points have to be computed for every ?X'""--H-Oy!!'n@_..
date. Next the hour points for the dates are connected as hour lines. © Nodus shadow point
These hour point calculations require numerical iteration for a solution,

as follows. The value of dial declination, DEC, is stepped digitally until

the shadow point and date converge.

Equation C6

\ /
N /N
—
[l ]; ALT
v
Horizontal
Direct view Direct view Side view
N
>
Top view Side view
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Fig B7. Circular plate

The delineation on the circular plate has
a different form. The Zodiac date
graduations are a series of nested
eccentric circles. The diameter of each
circle is scaled to mark sun altitude at
noon, the largest diameter at summer
solstice and the smallest at winter
solstice.

Nodus

(X.Y")

To calibrate the dial, a set of hour points have to be computed for each date, the same as for the
tablet dial, and these hour points for dates are connected as hour lines. Numerical iteration is
required for a solution, as before. The calculated iteration is more complex for the circular dial,
because the dates are on circles instead of lines, and convergence depends on both the X and Y
coordinates of the shadow point lying on the date circle.

Equations C7
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ANNEX C. Sundial calibration—mathematics

Table C1. Symbols?

Alphabetic Mathematical | Definition Units
symbol symbol
DELTA 6 Declination of the sun, positive above the | Degrees, °
equator
PHI Q Latitude for the design of a dial Degrees, °
Taa T Time in 24 hours from midnight Hours, decimal
HA h Hour angle, positive for PM hours Degrees, °
DEC d Declination of a wall or dial from South, Degrees, °
positive to West
ALT a Altitude of the sun above horizon Degrees, °
AZ A Azimuth of the sun, clockwise from South | Degrees, °
HLA X Hour line angle from Noon, positive for Degrees, °
PM hours
NH N Perpendicular distance from Nodus to Length, mm
dial
XY (x,y") Coordinates of Nodus shadow point Length, mm
z z Dimension for Zodiac date on dial Length, mm

2 Symbols adopted from the British Sundial Society, Davis (2004)
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Table C2. Equations®

Sundial type Function Equation Constant Parameter Variable
Eqn C1. HLA X = tan"{sin ¢ .tan h} 1) - h
Horizontal sundial
where h = (T — 12) x 15°
Eqn C2. HLA X = tan"{cos ¢ .tan h} 1) - h
Vertical South
sundial
Eqn C3. HLA Y=t _1{ cos¢ } ®,d - h
. - = lan p ;
Vertical Declining cosd.coth+sind.sing
sundial
Eqn C4. \4 PN {tan a} N, @ S h
Altitude Direct dial y cos A
where a = sin"{sin§.sin @ + cos§.cos ¢ .cos h}
1 sinh
and A = tan { - }
sing.cosh —cos¢.tand

3 Equations adopted from the British Sundial Society, Davis (2004)
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Sundial type Function Equation Constant Parameter Variable
Eqgn C5. x\Y' x' = —Ntan(4 — d) N d a, A
Altitude Declining
. tana
dial y' = N{ }
cos(A—d)
Eqn C6. X4 Xlg=12 Z d
Tablet declining
dial calculation where, numerical iteration on dial declination, d
Eqn C7. (X, Y4 X'\q = Zx Z, Zw d
Circular declining
dial calculation Ylg=2Zy +(Z - Zy)
and (Zy* + Zy*) = Z*
where, numerical iteration on dial declination, d
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  𝜑


  X =    tan  − 1 ⁡   {  sin ⁡  𝜑 .  tan ⁡ h }


  h =  ( T − 12 ) × 15 °


  𝜑


  X =    tan  − 1 ⁡   {  cos ⁡  𝜑 .  tan ⁡ h }


  𝜑


  X =      tan  − 1 ⁡   {    cos ⁡  𝜑    c o s ⁡  d .   c o t ⁡ h +   s i n ⁡  d .   s i n ⁡  𝜑 }


  𝜑


   y ′ = N  {    tan ⁡  a   cos ⁡  A }


  a =    sin  − 1 ⁡   {  sin ⁡  𝛿 .  sin ⁡  𝜑 +  cos ⁡  𝛿 .  cos ⁡  𝜑 .  cos ⁡ h }


  a n d   A =    tan  − 1 ⁡   {    sin ⁡ h   sin ⁡  𝜑 .  cos ⁡ h −  cos ⁡  𝜑 .  tan ⁡  𝛿 }


  𝜑


  𝛿


   x ′ = − N  tan ⁡   ( A − d )


   y ′ =  N ⁡   {    tan ⁡  a   cos ⁡   ( A − d ) }


   y ′ =  N ⁡   {    tan ⁡  a   cos ⁡   ( A − d ) }


    X ′ |  d = Z


    X ′ |  d =   Z  X


    Y ′ |  d =   Z  Y +  ( Z −   Z  W )


    Y ′ |  d =   Z  Y +  ( Z −   Z  W )


   (     Z  X 2 +     Z  Y 2 ) =   Z 2

